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Abstract
Strong field gravitational lensing in the context of both higher spacetime dimensions and in presence
of Kalb-Ramond field have been studied. After developing proper analytical tools to analyze the
problem we consider gravitational lensing in three distinct black hole spacetimes — (a) four dimensional
black hole in presence of Kalb-Ramond field, (b) brane world black holes with Kalb-Ramond field
and finally (c) black hole solution in f(T ) gravity. In all the three situations we have depicted the
behavior of three observables: the asymptotic position approached by the relativistic images, the
angular separation and magnitude difference between the outermost images with others packed inner
ones, both numerically and analytically. Difference between these scenarios have also been discussed
along with possible observational signatures.
1 Introduction
Gravitational lensing is one of the most routinely used astrophysical observations to infer gravitational
mass of distant galaxies or galaxy clusters. In a broad sense, gravitational lensing corresponds to deflection
of electromagnetic waves from its original trajectory a´ la spacetime curvature. Since spacetime curvature
depends on the gravitational mass of the body producing it, the measurement of the deflection angle of
the electromagnetic wave will be related to the mass of the gravitating object. Actually, gravitational
lensing or more commonly known as the bending of light, in the context of solar system was used as the
first observational verification of Einstein’s general relativity. However all the situations depicted above
correspond to weak field limit, where the spacetime curvature experienced by the electromagnetic wave
is small such that the deflection angle is much small compared to 2pi (see e.g., [1–3] and the references
therein).
On the other hand, there can be situations where the deflection angle can become pretty large, e.g.,
when an electromagnetic wave passes close to a black hole, it can actually hover around the hole in closed
loops before actually escaping it. In particular, there exist a sphere across the black hole, known as the
photon sphere, where the deflection angle will even diverge. Further, the strong field lensing develops
an infinite set of discrete images near the central massive object, known as relativistic images, having no
analogue in the context of weak gravitational lensing. The idea that black holes can act as gravitational
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lens was first put forward by Darwin in [4], which subsequently was elaborated in [5,6]. However the current
theoretical formulation of strong gravitational lensing from a black hole can be attributed to the seminal
work of Virbhadra and Ellis, where existence of such relativistic images were predicted in the context of
Schwarzschild spacetime [7]. Immediately afterwards the concepts laid down in [7] were formulated in a
more rigorous way by properly defining the strong field limit and providing better analytical understanding
of the problem [8, 9]. Subsequently it has been further generalized by providing the analytical framework
in a general spherically symmetric spacetime [10,11] and has been applied to various black hole spacetimes
which includes — Reissner-Nordstro¨m [12], Kerr [13, 14], Einstein-Born-Infeld [15], Horava-Lifshitz [16],
Brane world scenarios [17], dilaton [18–20], phantom [21, 22] and Galileon [23]. It has also been applied
to wormholes [24], regular black holes [25], self-dual black holes in loop quantum gravity [26] and naked
singular spacetimes [27,28]. Also see [29–31] for recent reviews.
The growing interest in the strong gravitational lensing is mainly due to the reason that one can use
the lensing phenomenon to infer properties about the regions in the vicinity of the black hole horizon. In
particular through gravitational lensing one can infer the region of black hole spacetime, known as black
hole shadows. Current observations cannot access these shadows mainly due to low resolution, but in
upcoming years with event horizon telescope, very long baseline interferometry, square kilometer array
one would be able to resolve regions very near the black hole where the strong field gravitational lensing
will become very important [32–42].
Given the current theoretical importance and future observational backdrops it is important to study
some fundamental physics using strong gravitational lensing. Two such important aspects are presence of
extra spacetime dimensions and Kalb-Ramond field or spacetime torsion. In the higher dimensional physics
the standard scenario corresponds to matter fields confined to the brane, while gravity can exist in the bulk.
In string theoretic description there exists a closed string excitation leading to a second rank antisymmetric
tensor field, known as the Kalb-Ramond field. Thus if the Kalb-Ramond field exists then it must invade
the extra dimensions [43], suggesting that one has to employ the Gauss-Codazzi formalism to obtain
the effective theory on the four dimensional hypersurface [44–48]. This antisymmetric tensor plays an
important role in many areas of physics, which includes, e.g., theories of gravity formulated using twistors
requires the Kalb-Ramond field [49], spacetime with Kalb-Ramond field can become optically active [50],
Kalb-Ramond field can give rise to topological defects, which might lead to intrinsic angular momentum
to the structures in our galaxies [51], Kalb-Ramond field also plays an important role in understanding
leptogenesis [52], Kalb-Ramond field also affects the anisotropy in cosmic microwave background [53] and
so on. In particular given the second rank antisymmetric Kalb-Ramond field one can construct a third
rank antisymmetric tensor, which appears naturally in the gravity theory and can act as the missing part
of general relativity, the spacetime torsion [54]. However in this work we will not identify spacetime torsion
as originating from the Kalb-Ramond field, but shall treat them on distinct footing. With Kalb-Ramond
field we will discuss two situations — (i) Kalb-Ramond field in four spacetime dimensions and (ii) Kalb-
Ramond field exists in higher dimensions (referred to as the bulk) and its effect on a lower dimensional
hypersurface (known as the brane). Then we separately discuss the scenario with spacetime torsion in the
context of f(T ) gravity, which has interesting cosmological implications [55–61]. In this work we derive the
gravitational lens equation and the deflection suffered by the light ray. Finally corresponding observables
have also been introduced in the context of Kalb-Ramond field in four and in higher spacetime dimensions
as well as in the presence of spacetime torsion in the form of f(T ) gravity.
The paper is organized as follows: In Section 2 we present necessary analytical results in a compact
manner for the most general static, spherically symmetric solution. The same is subsequently applied in
Section 3 to three different situations — (a) Kalb-Ramond field in four spacetime dimensions (discussed
in Section 3.1), (b) Kalb-Ramond field in higher dimensions (illustrated in Section 3.2) and finally (c)
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spacetime torsion in the context of f(T ) gravity (depicted in Section 3.3). We end with a discussion on
the results obtained. Detailed calculations are presented in Appendix A and Appendix B respectively.
2 Strong gravitational lensing: Analytical results
Static and spherically symmetric spacetimes form an integral part of black hole physics where all the basic
features of black holes can be demonstrated and can further be used to understand and hence generalize
them as fit for more general scenarios. In this work as well, we will content ourselves with static and
spherically symmetric spacetimes but in the presence of Kalb-Ramond field and extra dimensions. We
will first summarize the key concepts involved and the observables related to strong gravitational lensing
for a general static, spherically symmetric spacetime, following the seminal work by Bozza [10] before
considering the spacetimes of our interest.
For this purpose, let us start with a static, spherically symmetric spacetime described by the following
line element,
ds2 = −f(r)dt2 + dr
2
g(r) + r
2dΩ22 (1)
where, f(r) and g(r) are arbitrary functions of the radial coordinate r with dΩ22 being the line element
on two sphere. (Some interesting features regarding this line element have been explored in [62–65]) We
further assume that the spacetime is asymptotically flat, i.e., f(r → ∞) = 1 = g(r → ∞). We will
be exclusively considering the trajectories of photons in this work and the single most important radius
associated with those trajectories correspond to the radius of photon circular orbit rph. This can be
obtained by solving the following algebraic equation,
rf ′(r)− 2f(r) = 0 (2)
where f ′(r) stands for derivative of the metric function f(r) with respect to radial coordinate r. Note that
the above equation is independent of the structure of g(r), i.e., the gtt component is solely responsible for
the structure of the photon sphere. The trajectory of a photon is specified by two constants of motion,
the energy E and the angular momentum L. In terms of these two constants of motion the trajectory of
the photon can be represented by the following differential equation,
dφ
dr
= L
r2
√
f
g
[
E2 − f(r)L
2
r2
]−1/2
(3)
The minimum radius r0 that a photon can travel with energy E and angular momentum L corresponds
to the one when value of the term inside square root vanishes. Thus the impact parameter b = L/E can
be written in terms of r0 as, (1/b2) = (f(r0)/r20) (see Fig. 1 as well as [10] for details). Hence the orbit
equation gets modified to,
dφ
dr
= 1
r2
√
f
g
[
f(r0)
r20
− f(r)
r2
]−1/2
(4)
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Figure 1: Schematic diagram of strong gravitational lensing. The observer, the source, the lens and the
image are depicted. The light emitted by the source (thick blue line) gets deflected by the lens and
reaches the observer. From the viewpoint of the observer it will appear that the light ray is originating
from the image. Three different angular separations are also shown, β being the angular separation
between the source and the lens, θ stands for the angular difference between the image and the lens
while Θ representing the deflection. Three distances DOL, DLS and DOS representing the observer-lens,
lens-source and observer-source have also been shown.
Integrating this orbit equation one obtains the deflection angle suffered by the photon as it travels from
asymptotic infinity to the impact distance r0 as,
Θ = −pi +
∫ x∞
x0
dx R(x, r0)F (x, r0)
R(x, r0) = 2
dr
dx
√
f
g
r0
r2
; F (x, r0) =
[
f(r0)− r
2
0
r2
f(r)
]−1/2
(5)
In the above integral we have introduced a new variable x = x(r), yet unspecified, such that x(r0) = x0
and x(∞) = x∞. A standard choice is to assume x = (f(r)− f(r0))/(1− f(r0)), such that as r →∞ one
obtains x∞ = 1, while for r → r0 one arrives at x0 = 0. However we will not assume any such particular
expression for x and will keep it general for the moment, only with x0 = 0. The reason for separating
out the integral in the deflection angle into two parts is immediate, while R(x, r0) is finite for all values
of r, the other term F (r0, x) diverges as the photon approaches r = r0. To deal with the divergence, one
can Taylor expand the function f(r0) − (r20f(r)/r2) inside the inverse square root around r = r0. This
essentially implies expansion around x = 0. Performing the expansion, one can separate out the integral
into a regular part and a divergent part (for more detailed discussion see [10]). The divergent part can
further be integrated analytically and expanded around r = rph (see Appendix A for detailed derivation).
For convenience, one can introduce another variable u = r/
√
f(r) as a substitute for the radial coor-
dinate r, such that u0 leads to the impact parameter of the photon. Then rewriting the divergent integral
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in terms of the new variable u, we finally obtain the expression for deflection angle to read [10],
Θ(θ) = −a¯ ln
(
θDOL
uph
− 1
)
+ b¯ (6)
where, DOL stands for the distance between the observer and the lens, θ being the angle between the image
and the lens and uph = rph/
√
f(rph) (see Fig. 1). The other objects appearing in the above expression
has the following structure in terms of the functions f(r), g(r) and their derivatives,
a¯ =
√√√√ 2f(rph)
g(rph)
[
−r2phf ′′(rph) + 2f(rph)
] (7)
b¯ = −pi + bR + a¯ ln
([−r2phf ′′(rph) + 2f(rph)] [1− f(rph)]2
r2phf(rph) [f ′(rph)]
2
)
(8)
bR =
∫ 1
0
dx
{
2rph
r(x)2
√
f(x)
g(x)
(
1− f(x)
f ′(x)
)[
f(rph)−
r2ph
r(x)2 f(x)
]−1/2
− 2a¯
x
}
(9)
where, we have used the standard expression connecting x and r to be, x = (f(r)−f(rph))(1−f(rph)). With
all these identifications Eq. (6) yields the general deflection angle for gravitational lensing in the strong
field regime (see also [10]). The corresponding observables are — (i) the deflection angle θ∞ corresponding
to the innermost image, (ii) the angular separation s between the outermost image and the inner ones and
finally (iii) the astronomical magnitude difference r between the outermost image and the inner images.
These three observables can be expressed in terms of the variables introduced above through the use of the
lens equation. We will adopt the lens equation, which was first used and elaborated in [9] before relating
the above observables to corresponding theoretical expressions.
One assumes quiet naturally, that the source is places behind the lens. Then assuming that both the
source and the observer are asymptotically far away, one can invoke first order approximations to obtain
the lens equation to read [9] (see also Fig. 1),
β = θ − DLS
DOS
∆Θn (10)
Here, β is the angular separation between the source and the lens, θ being the angular separation between
the image and the lens (see Fig. 1), while ∆Θn ≡ Θ(θ)− 2npi represents the deflection angle as a photon
loops around the hole n times before escaping. The other two parameters appearing in Eq. (10) are
simply the distance between the source to the lens and the distance between the observer and the source
respectively, along the optical axis (see also [66] for an improved version of the above lens equation).
Among others one of the most important aspect of the lens equation (see Eq. (10)) stems from the
fact that it connects the true position of the source (represented by β) with the apparent position of
the image θ. The other parameter, namely Θ(θ) can be computed as depicted in Appendix A and can be
connected to the background spacetime [10]. Thus one can use the theoretical deflection angle expressed as
Eq. (6) in the lens equation to obtain various lensing observables in terms of the corresponding theoretical
counterparts.
For completeness, we will briefly recall how the same can be performed, however for a detailed discussion
we refer our reader to [10]. As a first step one tries to derive the angular separation θn, which corresponds
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to a deflection angle of 2npi and thus is a solution of the equation Θ(θn) = 2npi [10]:
θn =
uph
DOL
[
1 + exp
(
b¯− 2npi
a¯
)]
(11)
Then one can Taylor expand Θ(θ) around θn and hence compute Θ(θ)− 2npi, which will be proportional
to θ− θn. The expression for Θ(θ)− 2npi so obtained can subsequently be substituted in Eq. (10) leading
to [10],
β = θn + (θ − θn) +
(
a¯DOLDLS
uphDOS
)
exp
(
− b¯− 2npi
a¯
)
(θ − θn) (12)
One can invert this equation and hence obtain an expression for θ − θn, which provides the angular
separation between various relativistic images formed due to gravitational lensing and yields important
information about the lensing object, which could be a black hole. Even though in principle the angular
separation between any two lensed images is detectable, but for practical purposes one concentrates on
the angular separation between the outermost image θ1 and the innermost one θ∞ (obtained by taking the
limit n → ∞ in Eq. (11)). Thus an observable associated with gravitational lensing corresponds to, the
angular separation s = θ1 − θ∞ [10]. In order to define the other observable it is instructive to introduce
the magnification of lensed images. For the n-th image the magnification reads [10],
µn =
1
(β/θ) ∂β/∂θ |θn =
u2phDOS
a¯βD2OLDLS
exp
(
b¯− 2npi
a¯
)[
1 + exp
(
b¯− 2npi
a¯
)]
(13)
One can immediately understand the importance of this relation, which relates an observable (in this case
the magnification) to various theoretical parameters using the strong field lensing. However, since all the
lensed images except the n = 1 are of lesser prominence, one often considers the bolometric magnitude
r, obtained through the ratio of µ1 and the rest of the lensed images. To simplify the algebra one often
notes that since both a¯ and b¯ are of order unity, it immediately follows that, exp(2pi/a¯)  1, as well as
exp(b¯/a¯) ∼ 1. Use of these relations finally leads us the following expression for the lensing observables [10]
θ∞ =
uph
DOL
, (14)
s = θ1 − θ∞ = θ∞ exp
(
b¯
a¯
− 2pi
a¯
)
(15)
r = 2.5log10
(
µ1∑∞
n=2 µn
)
= 5pi
a¯ log 10 (16)
Thus there is a one to one mapping between the observables (θ∞, s, r) and the parameters of the model,
namely, (uph, a¯, b¯). Hence given the metric functions f(r) and g(r) one can compute the photon radius
and hence each terms in the deflection angle as well as in the lens equation. Then one can numerically
compute the above observables and study their difference with the corresponding Schwarzschild one. This
will hint towards possible modifications in the behavior of gravitational interactions in the strong field
regime and hence have the potential to open up new avenues of exploration. In the next sections we will
study the strong field lensing for three black hole spacetimes in presence of Kalb-Ramond field and shall
discuss possible departure from the Schwarzschild scenario which will provide a characteristic signature
of these spacetimes. For our later convenience we will choose GM = 1 = c and we shall write the later
expressions accordingly.
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3 Lensing in presence of Kalb-Ramond field and extra dimen-
sions
In this section, we will discuss three situations involving Kalb-Ramond field as well as extra spatial dimen-
sions. In the first example, we mainly concentrate on the effect of Kalb-Ramond field in four dimensional
static spherically symmetric spacetimes and the resulting modifications of the strong gravitational lensing
observables. Then we introduce additional spatial dimensions and their possible signatures in the effective
four-dimensional spacetime. This, in addition to Kalb-Ramond field the effects originating from the bulk
spacetime will also be addressed. Finally, we concentrate on a spherically symmetric and static solution
in f(T ) theories of gravity. We will now elaborate on these different scenario.
3.1 Kalb-Ramond field in four spacetime dimensions and gravitational lensing
Let us consider a situation when the Kalb-Ramond field is present in four spacetime dimensions. The
corresponding gravitational action would involve the Einstein-Hilbert term, i.e., the Ricci scalar and the
term √−gHabcHabc, where Habc is the Kalb-Ramond field. Our interest lies in the static, spherically
symmetric solution with this particular modifications of the Einstein-Hilbert action. It will turn out that
with these enhanced symmetries the Kalb-Ramond field has a single non-trivial spherically symmetric
component, which to leading order behaves as, (2/r2)
√
(b/24piGN ) [67,68]. Thus the parameter b captures
the existence of Kalb-Ramond field, since for b = 0, the Kalb-Ramond field identically vanishes. Solving
the gravitational field equations, one obtains the following behaviour of the metric functions [67],
f(r) = 1− 2
r
− b3r3
{
1 + 2
r
+ 185r2 +O
(
1
r3
)}
+O
(
b2
r5
)
(17)
g(r) = 1− 2
r
− b
r2
{
1 + 1
r
+ 43r2 +O
(
1
r3
)}
+O
(
b2
r5
)
(18)
where we have set GM = 1 as stated earlier. Note that if the Kalb-Ramond parameter b vanishes, the above
metric elements reduce to that of Schwarzschild metric. Given the above metric elements the location of
photon circular orbit can be obtained by solving the following algebraic equation,
2 = 6
r
+ b
r3
{
5
3 +
4
r
+ 425r2 +O
(
1
r3
)}
+O
(
b2
r5
)
(19)
Note that when b = 0, the above equation leads to the solution r = 3, representing photon circular orbit
in Schwarzschild spacetime with GM = 1 units. For b 6= 0, the leading order contribution comes from
the term (5b/3r3). If one keeps higher powers of (1/r) as well as that of (b/r), the above equation will
lead to very complicated analytical expressions for the photon circular orbit. This stems from the fact
that a fully consistent strong field treatment of the above metric will involve an expansion in the powers
of (2/r), while we are evaluating the same on the photon circular orbit located near r = 3. It is obvious
that in order to get an accurate result, it is necessary to keep very high order terms in the expansion.
Thus in order to provide analytical expressions to the lensing observables in terms of the Kalb-Ramond
parameter b we will work exclusively to the leading order term in (b/r3). This will capture all the effects
of the Kalb-Ramond field, while keeping the mathematics simple. However it is necessary to demonstrate
the effect of higher order terms in the metric elements on the lensing observables as well. For that purpose
we will perform a numerical analysis of the complete situation with metric elements depending on higher
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Table 1: The observables associated with strong gravitational lensing, namely (θ∞, s, r) and the theoretical
parameters of the model, i.e., (uph, a¯, b¯) have been presented. Numerical estimates of these six quantities
for the Schwarzschild black hole as well as for the Reissner-Nordstro¨m black hole and the Kalb-Ramond
black hole for three possible values of Kalb-Ramond parameter and electric charge have been illustrated.
In all these calculations, the central massive object is taken to be Sgr A∗ with mass M• = 4.31× 106M
and distance DOL = 8.33 kpc, where M is the mass of the sun. Further, the angles θ∞ and s are expressed
in units of micro-arcsecond (µas), and nano-arcsecond (nas) respectively. All the distances are measured
with GM•/c2 = 1 unit.
Observables Schwarzschild Kalb-Ramond Black Hole
and versus
Parameters Reissner-Nordstro¨m Black Hole
b=0.2 Q=0.2 b=0.5 Q=0.5 b=0.8 Q=0.8
θ∞ (µas) 26.96 27.06 26.78 27.21 25.78 27.35 23.59
s (nas) 33.74 39.34 32.98 50.18 30.57 65.25 36.71
r (mag) 6.82 6.76 6.7 6.5 6.58 6.29 6.2
uph(GM•/c2) 5.20 5.22 5.16 5.24 4.97 5.27 4.55
a¯ 1 1.02 1.01 1.05 1.03 1.08 1.12
b¯ -0.40 -0.37 -0.41 -0.32 -0.68 -0.27 -0.98
order terms. Given the premises for the current analysis, we will now present the exact results to leading
order in (b/r3), which will later be contrasted with the corresponding numerical estimates of the lensing
observables obtained by inclusion of higher order terms. In this case the photon circular orbit can be
obtained by solving the following simpler algebraic equation,
r3 − 3r2 − 5b6 = 0 (20)
Note that for b = 0, i.e., if the Kalb-Ramond parameter identically vanishes one immediately arrives
at rph = 3, the correct value for the photon radius in the Schwarzschild spacetime. The corresponding
solution is given in terms of the Kalb-Ramond parameter b, to the leading order, as
rph =
(√( 5b
3
)2 + 10b3 + 5b3 + 2)1/3
3
√
2
+
3
√
2(√( 5b
3
)2 + 10b3 + 5b3 + 2)1/3
+ 1
' 3 +
(
5
54
)
b+O(b2) (21)
The theoretical variables associated with this model are the impact parameter associated with the photon
circular orbit, i.e., uph = rph/
√
f(rph) as well as the parameters a¯ and b¯ as mentioned in Eq. (8) and
Eq. (9) respectively. For the evaluation of b¯ as in Eq. (9), one would require the regular part of the integral
appearing in the expression for deflection angle, which to the leading order in the Kalb-Ramond parameter,
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yields, bR = 0.9496 + 0.0528 b. Given all these ingredients, the analytical expressions for these variables
in terms of the Kalb-Ramond parameter b, to the leading order, reads
uph =
r
5/2
ph√
r3ph − 2r2ph − b3
' 3
√
3
[
1 + b54 +O(b
2)
]
(22)
a¯ =
[
r3ph − 2r2ph − b3
r3ph − 2r2ph − brph
]1/2 [
1 + 5b3r3ph
]−1/2
' 1 +
(
19
162
)
b+O(b2) (23)
b¯ = −pi + bR + a¯ ln

2
[
r3ph + 5b3
] [ r2ph+ b6
r2ph+
b
2
]2
r3ph − 2r2ph − b3
 ' −0.4 + 0.19 b+O(b2) (24)
Note that these three variables are sufficient to determine the three observables θ∞, r and s, thanks
to the relations presented in Eq. (14), Eq. (15) and Eq. (16) respectively. The additional information
necessary to have a numerical estimate are the mass and distance of the central object. The best such
candidate corresponds to the supermassive black hole Sgr A∗ with mass M• = 4.31× 106M, where M
is the mass of the sun and DOL = D• = 8.33 kpc. The numerical estimates of the observables (θ∞, s, r)
and the theoretical parameters (uph, a¯, b¯) have been presented in Table 1 for various values of the Kalb-
Ramond parameter b along with the corresponding Schwarzschild as well as Reissner-Nordstro¨m values
for comparison. One can immediately verify that the numerical values for uph, a¯ and b¯, as presented in
Table 1 are in excellent agreement with the corresponding ones obtained by keeping the leading order term
in the Kalb-Ramond parameter alone.
As a final ingredient we present the explicit form of the deflection angle for the four-dimensional
Kalb-Ramond black hole, which to the leading order in the Kalb-Ramond parameter becomes,
Θ (θ) = −2.192 + 0.0528 b
+
 r
2
ph + b2[
1 + 5b3r3ph
]
(r2ph − brph + 5b6 )

1/2
ln

2uph
[
r3ph + 5b3
] [ r2ph+ b6
r2ph+
b
2
]2
(
r3ph − 2r2ph − b3
)
(θDOL − uph)

' −0.4− ln
(
θDOL
3
√
3
− 1
)
+
{
0.19− 19162 ln
(
θDOL
3
√
3
− 1
)
+ 154
(
1
1− 3
√
3
θDOL
)}
b+O(b2) (25)
So far, we have been dealing with our approximated metric elements, correct to O(b/r3). As promised,
analytic expressions for the lensing observables as a function of the Kalb-Ramond parameter have been
presented. However the strong lensing phenomenon originates from the region near the black hole horizon
and one may wonder whether higher order terms in the metric elements can really be neglected. To see
the effect of these terms explicitly, we have followed three steps — (a) Solved the higher order algebraic
equation for the photon circular orbit numerically; (b) The corresponding solution has been inserted in
the expressions for uph, a¯ and b¯ in terms of the metric elements as given in Eq. (7), Eq. (8) and Eq. (9)
respectively; (c) Then we have constructed the variation of the lensing observables with Kalb-Ramond
parameter numerically and have plotted them in Fig. 2. Surprisingly, from the variation of all the lensing
9
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Figure 2: Variation of the three observables — (a) the deflection angle θ∞ in micro-arcsecond, (b) the
magnitude difference r between the outermost and inner images and finally (c) the angular difference
between the outermost and inner images s in nano-arcsecond have been presented as the Kalb-Ramond
parameter b, as well as the electric charge Q increases. We have also presented both the approximate
analytical and numerical estimates for these observables as well. For small Kalb-Ramond parameter
they match very well, while for larger values of Kalb-Ramond parameter they exhibit minor deviations
over the analytical result as expected. It is also evident that in four spacetime dimensions as the Kalb-
Ramond parameter increases the corresponding deflection angle and angular separation increases, while
the magnitude difference exhibits an opposite effect. Further the observables associated with Reissner-
Nordstro¨m black hole show significant deviations from the Kalb-Ramond one. See text for more discussions.
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observables with the Kalb-Ramond parameter as presented in Fig. 2 it turns out that the approximate
analytic solution is in very good agreement with the numerical estimates. Further, when the Kalb-Ramond
parameter is small, the analytical and numerical estimates are mostly identical, while deviations are more
prominent as the Kalb-Ramond parameter becomes larger. This is expected, since the higher order terms
become more dominant at large values of the Kalb-Ramond parameter.
Further, from both Table 1 and Fig. 2 one can understand the effect of Kalb-Ramond field on gravita-
tional lensing both quantitatively and qualitatively. From Fig. 2 it is clear that the innermost deflection
angle and angular separation increases monotonically as the Kalb-Ramond parameter is being increased,
while the magnification parameter depicts an exactly opposite behaviour. Similar features are also present
in Table 1, but according to the numerical estimates, both the angular deflection and angular separation are
larger compared to the Schwarzschild value. For example, when b = 0.5, the deflection angle is almost one
percent while the angular separation is 49 percent larger. On the other hand, the magnification is almost
five percent less compared to the Schwarzschild counterpart. A comparison with the Reissner-Nordstro¨m
black hole reveals a similar story. From Table 1 it is clear that the value of θ∞ for Kalb-Ramond black hole
is much higher compared to the Reissner-Nordstro¨m black hole. For example, at b = 0.5 (or, Q = 0.5), the
value of Θ∞ allows a difference of more than five percent between Reissner-Nordstro¨m and Kalb-Ramond
black hole. The same can also be verified from Fig. 2 as well.
3.2 Kalb-Ramond field and extra dimensions
Extra spatial dimensions are known to play crucial role in addressing the hierarchy problem. In some
models of extra dimensions the matter fields are confined to the four-dimensional brane, while gravity
extends over the higher dimensions. From stringy viewpoint the Kalb-Ramond field being a closed string
mode like gravity, can also probe the extra spacetime dimensions. Hence in presence of both Kalb-Ramond
field and extra dimensions it is important to consider the Kalb-Ramond field in the bulk spacetime. The
natural question arising in this context is to address how the gravity looks like from a four-dimensional
perspective in this scenario. This question has been answered recently in [69], where possible effects of
higher dimensional Kalb-Ramond field in the context of brane world were studied. Further a static, spher-
ically symmetric solution on the brane was also derived. In this section we consider strong gravitational
lensing from a similar but slightly modified perspective.
There will be two modifications in the effective gravitational field equations on the brane — (a) effects
of Kalb-Ramond field inherited from the bulk and (b) the effect of bulk Weyl tensor projected on the
brane [69]. The projected Kalb-Ramond field in presence of static and spherical symmetry is represented
by a single function h(r), which to the leading order behaves as
√
τ/κ25(1/r2), where κ5 is the five-
dimensional gravitational constant and τ is the parameter characterizing the Kalb-Ramond field. With
this solution for the Kalb-Ramond field the corresponding solution for the metric elements in the effective
four dimensional spacetime on the brane becomes,
f(r) = 1− 2
r
− a
r2
− 2τ
r3
− 2aτ
r4
+O
(
τ2
r5
)
(26)
g(r) = 1− 2
r
− a− τ
r2
+ aτ3r4 +O
(
τ2
r5
)
(27)
where, a = (3αP0/2) has been inherited from the bulk Weyl tensor, such that, α = (1/4piGNλT ) with λT
being the brane tension and P0 measures the effect of bulk Weyl tensor. Note that if the torsion parameter
τ vanishes, the above solution reduces to the well known black hole solution on the brane derived in [70].
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Having written down the metric, one needs to compute the photon circular orbit in this spacetime
geometry. This can be obtained by using Eq. (2) and leads to the following expression,
2 = 6
r
+ 4a
r2
+ 10τ
r3
+ 12aτ
r4
+O
(
τ2
r5
)
(28)
Given this quartic algebraic equation, the photon circular orbit will turn out to be highly complicated
function of the bulk induced parameter a and the torsion parameter τ . The origin for such behavior can
again be traced back to the fact that the metric elements presented above are expanded in powers of (2/r),
while we are interested in its nature near r = 3, the location of photon circular orbit. This would force one
to keep very high order terms in order to achieve an accurate result. Thus it will be very difficult to present
the results in a closed form and hence in order to provide concise analytical expressions we have to make
certain approximations. In this particular case, since both a and τ are supposed to be small quantities,
we can keep terms upto linear order in either of them. This suggests to keep terms upto O(a/r2) and
O(τ/r3) respectively in the metric elements. This brings down Eq. (28) to a cubic equation,
r3 − 3r2 − 2ar − 5τ = 0 (29)
which can be solved to yield the radius of photon circular orbit to leading order in the dark pressure a
and Kalb-Ramond parameter τ as,
rph = 1 +
21/3(9 + 6a)
3
(
54 + 54a+ 135τ +
√
(54 + 54a+ 135τ)2 − 4(9 + 6a)3
)1/3
+
(
54 + 54a+ 135τ +
√
(54 + 54a+ 135τ)2 − 4(9 + 6a)3
)1/3
3× 21/3
' 3 + 23 a+
5
9 τ +O(a
2, τ2) (30)
The other quantities of importance are the three theoretical parameters for this model — (a) the impact
parameter at the photon radius, i.e., uph = rph/
√
f(rph), (b) the two parameters a¯ and b¯ associated the
gravitational deflection angle. These three parameters to the leading order in the dark pressure term a
and the Kalb-Ramond parameter τ read as follows,
uph =
r
5/2
ph√
r3ph − 2r2ph − arph − 2τ
' 3
√
3
(
1 + 16 a+
1
9 τ
)
+O(a2, τ2) (31)
a¯ = rph
√√√√ r3ph − 2r2ph − arph − 2τ(
r3ph + 2arph + 10τ
)(
r2ph − 2rph + τ − a
) ' 1− 19 a− 2554 τ +O(a2, τ2) (32)
b¯ = −pi + bR + a¯ ln
 2 (r3ph + 2arph + 10τ) (2r2ph + arph + 2τ)2(
r3ph − 2r2ph − arph − 2τ
)(
2r2ph + 2arph + 6τ
)2

' −0.4− 2.01 a− 0.73 τ +O(a2, τ2) (33)
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Table 2: Numerical estimations of the lensing observables (θ∞, s, r) and the parameters of the theory
namely, (uph, a¯, b¯) have been provided. Results for the Schwarzschild black hole as well as for the black
hole in effective field theory for four possible choices of the higher dimensional Kalb-Ramond parameter
τ and the bulk inherited parameter a = 3αP0/2 are being presented. Numerical estimates of the lensing
observables and model parameters for Reissner-Nordstro¨m black hole have also been presented. In all
these calculations, the central black hole is assumed to be Sgr A∗ having mass M• = 4.31× 106M, which
is DOL = 8.33 kpc away. In addition, the angle θ∞ and s are expressed in units of micro-arcsecond (µas)
and nano-arcsecond (nas) respectively, for convenience. All the distances are presented in GM•/c2 = 1
unit.
Observables Schwarzschild Black hole with Kalb-Ramond field in effective theory
and versus
Parameters Reissner-Nordstro¨m black hole
τ = 0.2 Q = 0.2 τ = 0.7 Q = 0.7 τ = 0 τ = 0.9
a = 0 a = 0.3 a = 0.4 a = 0.4
θ∞ (µas) 26.96 27.53 26.78 29.79 23.84 28.63 30.50
s (nas) 33.74 8.75 32.98 1.57 35.89 6.24 0.95
r (mag) 6.82 7.39 6.7 8.43 6.34 7.08 8.72
uph(GM•/c2) 5.20 5.31 5.16 5.74 4.62 5.52 5.89
a¯ 1 0.92 1.01 0.81 1.09 0.96 0.78
b¯ -0.40 -0.51 -0.41 -1.12 -0.91 -1.17 -1.29
where the numerical value of the regular part of the integral appearing in the deflection angle has been
used, which reads bR = 0.9496 − 1.594 a + 0.318 τ . Then using Eq. (14), Eq. (15) and Eq. (16) we can
determine the three observables θ∞, s and r respectively from the expressions of uph, a¯ and b¯ derived
above. As in the previous section here also we use sgr A∗ as the black hole candidate with its mass and
distance being quoted in the earlier section. The numerical estimates of the observables as well as the
theoretical parameters are presented in Table 2 for various values of the Kalb-Ramond parameter τ and
the bulk inherited parameter a. Corresponding values of the parameters and observables are also presented
for Schwarzschild spacetime for direct comparison. Moreover, the variation of the observables θ∞, s and r
with the Kalb-Ramond parameter τ are presented in Fig. 3.
The only remaining bit corresponds to the expression for the deflection angle in terms of the Kalb-
Ramond parameter τ and the bulk charge a. This can be achieved by numerically computing the regular
part of the integral appearing in the deflection angle, which . Thus finally the deflection angle, to leading
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Figure 3: Variation of the three observables — (a) the deflection angle θ∞ in micro-arcsecond, (b) the
magnitude difference r between the outermost and inner images and finally (c) the angular difference
between the outermost and inner images s in nano-arcsecond have been illustrated as the Kalb-Ramond
parameter τ increases. We have also plotted the numerical estimates arising out of the higher order
terms in all the three cases, which are in good agreement with the corresponding approximate analytical
expressions. It is also clear that as the Kalb-Ramond parameter increases the corresponding deflection
angle and magnitude difference also increases, while the angular separation exhibits an opposite effect. In
addition, for comparison we have plotted the corresponding scenario for Reissner-Nordstro¨m black hole as
well, which shows significant deviations from the Kalb-Ramond black hole. See text for more discussions.
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order in the dark pressure a and Kalb-Ramond parameter τ becomes,
Θ (θ) = −2.1920− 1.594 a+ 0.318 τ + rph
√√√√ r3ph − 2r2ph − arph − 2τ(
r3ph + 2arph + 10τ
)(
r2ph − 2rph + τ − a
)
× ln
 (r3ph + 2arph + 10τ) (2r2ph + arph + 2τ)2(
r3ph − 2r2ph − arph − 2τ
)(
2r2ph + 2arph + 6τ
)
( θDOLuph − 1)

' −0.4− ln
(
θDOL
3
√
3
− 1
)
−
[
2.01− 19 ln
(
θDOL
3
√
3
− 1
)
− 16
(
1
1− 3
√
3
θDOL
)]
a
−
{
0.73− 2554 ln
(
θDOL
3
√
3
− 1
)
− 19
(
1
1− 3
√
3
θDOL
)}
τ +O(a2, τ2) (34)
At this stage it is worthwhile to discuss how accurate are the approximations made earlier, which were
used to arrive at expressions for the lensing observables. To see this, we need to compute the lensing
observables numerically, given the most general metric ansatz. For that purpose we have followed a route,
identical to the one taken in the previous section, by first numerically solving for the photon circular orbit,
then substituting the solution in the lensing observables and finally depicting the variation of them with
the Kalb-Ramond parameter. The result of this numerical analysis has been presented in Fig. 3. It is
very clear that small deviations can be observed at larger values of the Kalb-Ramond parameter and for
larger values of the bulk induced dark pressure, as expected. This suggests that the numerical estimates
of the lensing observables, obtained by inclusion of higher order terms in the metric are very similar to
their approximate analytical behaviour. This illustrates the accuracy of our analytical model.
Let us now discuss the effect of both the Kalb-Ramond parameter and the bulk effect on the lensing
observables. From Table 2 it is clear that an increase in either of τ and a increases the value of the deflection
angle and magnification compared to the Schwarzschild one, while the angular separation decreases rapidly.
The same behaviour is seen in Fig. 3 as well where it is clear that for a given τ , the deflection angle increases
as the bulk charge a increase, while the opposite is seen in the angular separation. Note this this feature
distinguishes from the previous model, where the angular separation increases while the magnification
decreases. Thus gravitational lensing can act as a test bed for detection of extra dimensions, as the
observables behave differently when extra dimensions are present. This might lead to interesting physics
as the experimental observations more and more zooms in the near black hole region through future large
telescopes.
3.3 Gravitational lensing in f(T) gravity
As the curvature invariants are replaced by Weitzenbo¨ck connection one obtains the teleparallel equivalent
of general relativity and as a consequence the dynamics is governed by spacetime torsion [71, 72]. The
invariant Lagrangian density under general coordinate transformation corresponds to T , which is second
order in the torsion tensor. One can extend this framework by considering more general Lagrangian density
f(T ), which has attracted much attention recently, thanks to its interesting cosmological predictions
[73–80]. For an interesting aspect of this in the context of black hole physics, see [81].
Recently, various static and spherically symmetric solutions in the context of f(T ) gravity have been
studied. In this work we will consider one such solution in four dimensions as the f(T ) gravity couples
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Table 3: Lensing observables (θ∞, s, r) and the parameters of the model, (uph, a¯, b¯) have been estimated
numerically. Results for both the Schwarzschild black hole and the black hole in f(T ) theory for three
possible values of q˜ are presented. In all these calculations, the black hole is taken to be Sgr A∗ with
mass M• = 4.31× 106M and distance DOL = 8.33 kpc respectively. furthermore, the angle θ∞ and s are
expressed in units of micro-arcsecond (µas) and nano-arcsecond (nas) respectively. All the distances are
measured with GM•/c2 = 1 unit.
Observables Schwarzschild Hole in f(T ) gravity
and
Parameters q˜ = 0.2 q˜ = 0.5 q˜ = 0.8
θ∞ (µas) 26.96 26.78 25.78 23.59
s (nas) 33.74 32.98 30.57 36.71
r (mag) 6.82 6.7 6.5 6.29
uph(GM•/c2) 5.20 5.16 4.97 4.55
a¯ 1 1.01 1.03 1.12
b¯ -0.40 -0.41 -0.68 -0.98
with the electromagnetic field. Since we are interested in asymptotically flat solutions, we will neglect the
effect of positive cosmological constant and hence the metric elements become [82]
f(r) = 1− 2
r
+ q˜
2
r2
= g(r) (35)
(for a derivation of this metric element from that given in [82] see Appendix B). Interestingly, to lowest
order, spherically symmetric solution in f(T ) gravity reduces to that of Reissner-Nordstro¨m black hole.
However the formal similarity must not hide the conceptual difference between the two, in particular the
origin of the charge term has completely different interpretation in the two cases. Here, q˜ is the torsion
parameter, with the torsion tensor having a single independent component varying as q˜2/r4 (see Appendix
B). While in the case of Reissner-Nordstro¨m black hole the charge is of electromagnetic origin. We would
again like to remind the reader that we are using units in which GM = 1 and hence differs from the
Reissner-Nordstro¨m solution by the numerical coefficient of the 1/r term only. Given the formal similarity
with the Reissner-Nordstro¨m black hole one can compute all the lensing observables in an exact manner
in this scenario, which we will not repeat here and can be found in [10].
However for completeness we have presented numerical estimates for the lensing observables in Table 3
for three different values of the torsion parameter q˜ using the supermassive black hole Sgr A∗ in our
galaxy as the gravitational lens. For convenience the corresponding values for q˜ = 0, i.e., for Schwarzschild
spacetime are also depicted. Further variations of the three observables with q˜ are also illustrated in Fig. 4.
From Table 3 it is clear that the deflection angle and magnification decreases as q˜ increases, remaining
always smaller compared to the Schwarzschild value. Note that this is exactly opposite compared to the
previous scenarios. On the other hand, the angular separation initially shows value small compared to
Schwarzschild, but for large enough values of q˜ it increases. Similar features can be visualized through
Fig. 4 as well. Again, with increase in resolution, future telescopes will be able to resolve the photon
sphere surrounding the black hole. The particular shape one visualizes will depend on the strong field
gravitational lensing and hence the observables discussed here can have important significance.
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Figure 4: Variation of the three observables, θ∞ in micro-arcsecond, the magnitude difference r and
the angular separation between the outermost and inner images s have been depicted with q˜. Hence in
presence of f(T ) gravity in four spacetime dimensions with the increment of the torsion parameter, the
corresponding deflection angle and magnitude difference decreases, while the angular separation initially
decreases but then exhibits an opposite effect. See text for discussions.
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4 Concluding Remarks
We have discussed the strong gravitational lensing in the context of both extra dimensions and Kalb-
Ramond field. Specifically, we have discussed three situations — (a) Kalb-Ramond field in four spacetime
dimensions, (b) Kalb-Ramond field in higher dimensions and its effect on four dimensional brane inherited
from the bulk and (c) possible effects of f(T ) gravity. In all the three situations we have provided explicit
expressions for the three theoretical constructs uph, a¯ and b¯ respectively. Using these analytical expressions
we have estimated values for the three lensing observables (θ∞, s, r) as well as have presented them graphi-
cally. In particular, analytical estimates of these three observables matches with the full numerical results,
due to presence of higher order terms in the metric elements, very well. Further to understand possible
discord and unity among the three models elaborated on in this work, we have presented collectively the
behaviour of the observables in these three scenarios in Table 4.
It is clear that all the three scenarios are different in one aspect or another. The deflection angle θ∞
increases for the Kalb-Ramond field in four and higher dimensions but decreases for f(T ) gravity. On
the other hand, the magnification decreases for Kalb-Ramond field in four dimensions but increases in
higher dimensions, while it increases for f(T ) gravity. The angular separation shows an opposite effect
for Kalb-Ramond field in four and in higher dimensions, while changes from a decreasing to increasing
mode in f(T ) gravity. Hence the three scenarios offer rich structures and one of the scenario can easily be
differentiated from another.
Having summarized the theoretical backdrops with numerical estimates of various observable parame-
ters, let us now elaborate on possible observational signatures of the same. The most promising candidate
in this direction seems to be the supermassive black hole at the galactic center, called Sgr A*, which we
have used for our numerical estimates as well. Among others the star S2 and S6 orbiting Sgr A*, seems to
be the best candidates to act as the source of the lensing and it has also been studied quiet methodically
in [33,83,84]. In particular one may encounter three possible scenarios — (a) One can not distinguish the
primary as well as the secondary images, (b) The primary image is well resolved but not the secondary
image and (c) Both primary and secondary images are well resolved. It appears that most of the S stars
orbiting the central supermassive black hole Sgr A*, the primary image would be resolvable but not the
secondaries [40]. Note that the primary observable associated with all these observations is the angular
separation between the lensed images and in our notation this corresponds to s. Surprisingly in our frame-
work, the three black hole solutions have three different behaviors for the angular separation. For example,
in the case of four-dimensional Kalb-Ramond field the angular separation must be larger compared to the
Schwarzschild value while for the higher dimensional Kalb-Ramond field angular separation decreases. On
the other hand, for f(T ) gravity, the angular separation initially decreases with the torsion parameter but
ultimately it starts increasing. Thus in the future if one can arrive at an angular separation which is larger
than the Schwarzschild value, then possible existence of higher dimensional Kalb-Ramond field can be
ruled out. However as evident from the numerical calculations, the observed angular displacement of the
lensed images turns out to be in the range ∼ 20−30 micro arcsecond with a magnification of 6−8 which are
well outside the resolutions of the present day astronomical instruments. However the future experiments
involving very long baseline interferometry are designed to have an accuracy of 10− 100 micro arcsecond
along with Milli arcsecond angular resolution imaging [36, 85–89]. In particular it can be demonstrated
using the techniques developed in [33,90] that the star S6 orbiting the Sgr A* supermassive black hole will
produce a gravitationally lensed image at an angular separation of 30 micro arcsecond by 2062 [36].
Thus in the near future, with either event horizon or square kilometer array operational one can directly
measure the photon sphere of the sgr A∗ supermassive black hole and hence the observables associated
with strong gravitational lensing can be experimentally determined. This will lead to possible constraints
18
Table 4: A comparison between the three scenarios
Scenario Behaviour Behaviour Behaviour
under of of of
consideration deflection (θ∞) separation (s) magnification (r)
Kalb-Ramond field in four
dimensions
Increases Increases Decreases
Kalb-Ramond field in higher
dimensions
Increases Decreases Increases
f(T ) gravity Decreases Initially decreases Decreases
then increases
on the Kalb-Ramond field parameter as well as spacetime torsion due to strong gravitational lensing.
In particular with sufficiently better data one might vote in favour of one particular scenario compared
to others. For example, if one observes that the magnification of the image increases compared to the
Schwarzschild value, then that will definitely bring forward the scenario of Kalb-Ramond field in higher
spacetime dimensions. On the other hand, if the magnification decreases but the deflection angle becomes
larger than the Schwarzschild value, then Kalb-Ramond field in four spacetime dimensions would a viable
candidate. Hence the study of strong gravitational lensing has the potential to address some of the
fundamental questions of the universe, e.g., are there extra spacetime dimensions, why spacetime torsion
(or, the Kalb-Ramond field) is missing in our nature, etc.? These would be worthwhile to study in the
future.
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A Appendix: Derivation of the deflection angle
We will work with the metric ansatz as presented in Eq. (1), which represents the most general static and
spherically symmetric spacetime. Note that the original calculation for a general static and spherically
symmetric spacetime has been performed by Bozza in [10] which placed strong field gravitational lensing
on a firm footing. The results presented in this appendix is by and large following the lines of [10], however
we will write it in an independent manner with slight modifications over [10]. For the motion of a photon
(or a null ray) in this spacetime, the geodesic equations correspond to,(
dr
dλ
)2
= g(r)
f(r)
[
E2 − f(r)L
2
r2
]
(36)
dφ
dλ
= L
r2
(37)
where E and L are the conserved energy and the conserved angular momentum respectively. From these
two equations one can eliminate the unknown parameter λ and hence obtain the orbit equation for the
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null ray, which is given in Eq. (3). A slightly modified version of the orbit equation can be obtained
by introducing the impact parameter b = L/E as well as identifying it with a radius r0, such that
b = r0/
√
f(r0). Integrating this modified orbit equation one obtains the deflection angle as given by
Eq. (5). The deflection angle has a divergent part given by,
F (x, r0) =
[
f(r0)− r
2
0
r2
f(r)
]−1/2
(38)
where x = x(r), is an arbitrary function of the radial coordinate r, such that x(r0) = 0. Note that the
term within inverse square root vanishes as r → r0 and hence F (x = 0, r0) diverges. Let us now try to
expand the term inside square root upto quadratic order in x, which captures the difference r − r0. The
first term in the Taylor expansion corresponds to,
α = d
dx
[
f(r0)− r
2
0
r2
f(r)
]
= r20
[
−f
′(r)
r2
+ 2f(r)
r3
]
dr
dx
(39)
Note that when r = rph, the term vanishes. While the second term yields
β = 12
d2
dx2
[
f(r0)− r
2
0
r2
f(r)
]
= 12
dr
dx
dα
dr
= r
2
0
2
[(
dr
dx
)2{
−f
′′(r)
r2
+ 4f
′(r)
r3
− 6f(r)
r4
}
+ dr
dx
{
−f
′(r)
r2
+ 2f(r)
r3
}
d
dr
dr
dx
]
(40)
On r = rph, where rphf ′(rph) = 2f(rph) the above turns out to be,
βph =
r20
2
(
dr
dx
)2
rph
{
−f
′′(rph)
r2ph
+ 2f(rph)
r4ph
}
(41)
Using the above trick one can separate out the integral in Eq. (5) to a divergent and a regular part which
yields (see also [10]),
I(r0) =
∫ x∞
0
dx [{R(x, r0)F (x, r0)−R(0, rph)F0(x, r0)}+R(0, rph)F0(x, r0)] (42)
= IR(r0) + ID(r0); F0(x, r0) =
1√
αx+ βx2
(43)
where, rph is the radius of photon circular orbit and is a solution of Eq. (2). Given this particular
decomposition, the divergent integral ID(r0) can be solved explicitly, leading to,
ID(r0) =
R(0, rph)√
β
ln
[
α+ 2β + 2
√
αβ + β2
α
]
= 2R(0, rph)√
β
ln
[√
β +
√
α+ β√
α
]
(44)
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Expanding the above expression around rph we obtain,
ID(r0) = −R(0, rph)√
βph
ln
[
αph + α′phrph
(
r0
rph
− 1
)]
+ R(0, rph)√
βph
ln (4βph) +O (r0 − rph)
= −R(0, rph)√
βph
ln
(
r0
rph
− 1
)
− R(0, rph)√
βph
ln
(
α′phrph
4βph
)
+O (r0 − rph) (45)
where we have used the result that rph = 0. From the above discussion it is evident that α′ph =
(2βph)/(dr/dx)ph. Thus finally we obtain,
ID(r0) = −a ln
(
r0
rph
− 1
)
+ bD +O (r0 − rph) (46)
where (following [10])
a = R(0, rph)√
βph
; bD = −R(0, rph)√
βph
ln
(
rph
2
(
dr
dx
)) (47)
Let us now introduce another new variable u equivalent to the impact parameter as,
u = r√
f(r)
(48)
such that when Taylor expanded the co-efficients of the first two term at r = rph becomes(
du
dr
)
rph
=
[
1√
f
− 12
rf ′(r)
f3/2(r)
]
rph
= 0 (49)
and
1
2
(
d2u
dr2
)
rph
= 12
[
− f
′(r)
f3/2(r) −
rf ′′(r)
2f3/2(r) +
3
4
rf ′2(r)
f5/2(r)
]
rph
= 14rphf3/2(rph)
[
2f(rph)− r2phf ′′(rph)
]
(50)
Thus,
u− uph = c (r − rph)2 (51)
where,
c = 14rphf3/2(rph)
[
2f(rph)− r2phf ′′(rph)
]
=
r3phβph
2r20f3/2(rph)
(
dr
dx
)−2
rph
(52)
Hence the divergent integral turns out to be (see [10] for more details),
ID(r0) = −a ln
( √
uph
rph
√
c
√
u0
uph
− 1
)
+ bD +O (r0 − rph)
= −a2 ln
(
u0
uph
− 1
)
− a ln
(
rph
2
(
dr
dx
))− a ln( √uph
rph
√
c
)
+O (r0 − rph)
= −a2 ln
(
u0
uph
− 1
)
− a2 ln
(
uph
4c
(
dr
dx
)2
)
(53)
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Substituting for c, we immediately arrived at,
ID(r0) = −a2 ln
(
u0
uph
− 1
)
− a2 ln
 rph
4
√
f(rph)
1(
dr
dx
)2
(
r3phβph
2r20f3/2(rph)
)−1(
dr
dx
)2
rph

= −a2 ln
(
u0
uph
− 1
)
+ a2 ln
(
2r2ph
r20
βph
f(rph)
)
(54)
Now if θ is the angle between the image and the lens, one readily obtains the following result for deflection
angle in terms of θ as in Eq. (6). The objects present in the deflection angle has the following expressions
a¯ = R(0, rph)
2
√
βph
; b¯ = −pi + bR + a¯ ln
(
2βph
f(rph)
)
(55)
where the quantity bR corresponds to,
bR = IR(rph) =
∫ x∞
xph
dx {R(x, rph)F (x, rph)−R(0, rph)F0(x, rph)} (56)
These are used in order to obtain Eq. (7), Eq. (8) and Eq. (9).
B Appendix: Derivation of the metric element in Eq. (35)
The spherically symmetric spacetime geometry as in Eq. (1), in the context of f(T ) gravity in D spacetime
dimensions has been derived in [82]. From which the metric elements as well as the torsion field have the
following solutions,
T (r) = −1±
√
1− 24αΛ− 6αQ2r4−2D
6α (57)
g(r) =
(
2
3 ±
1
3
√
1− 24αΛ− 6αQ2r4−2D
)−2
r3−D
(
1
(D − 2)
×
{
1
54α
[
− 18αQ
2r3−D
3−D −
(1 + 72αΛ) rD−1
D − 1
]
±
√
r4D (1− 24αΛ− 6αQ2r4−2D)
54α
[6αQ2r3−3D
2D − 5 −
(−1 + 24αΛ) r−1−D
D − 1
]
∓
(D − 2)2 (−1 + 24αΛ)Q2r3+D
√
1 + 6αQ2r4−2D−1+24αΛ 2F1
(
D−3
2(D−2) ,
1
2 ,
3D−7
2(D−2) ;
6αQ2r4−2D
1−24αΛ
)
3 (D − 3) (2D − 5) (D − 1)√r4D (1− 24αΛ− 6αQ2r4−2D)
}
+ constants
)
(58)
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f(r) = 1
rD−3
(
1
(D − 2)
{
1
54α
[
− 18αQ
2r3−D
3−D −
(1 + 72αΛ) rD−1
D − 1
]
±
√
r4D (1− 24αΛ− 6αQ2r4−2D)
54α
[6αQ2r3−3D
2D − 5 −
(−1 + 24αΛ) r−1−D
D − 1
]
∓
(D − 2)2 (−1 + 24αΛ)Q2r3+D
√
1 + 6αQ2r4−2D−1+24αΛ 2F1
(
D−3
2(D−2) ,
1
2 ,
3D−7
2(D−2) ;
6αQ2r4−2D
1−24αΛ
)
3 (D − 3) (2D − 5) (D − 1)√r4D (1− 24αΛ− 6αQ2r4−2D)
}
+ constant
)
(59)
where Q and α are arbitrary constants, while Λ is the cosmological constant. Since we are interested in
asymptotically flat spacetime, we require Λ = 0. This leads to much simpler form of the above metric
elements,
T (r) = −1±
√
1− 6αQ2r4−2D
6α (60)
g(r) =
(
2
3 ±
1
3
√
1− 6αQ2r4−2D
)−2
r3−D
(
1
(D − 2)
{
1
54α
[
− 18αQ
2r3−D
3−D −
rD−1
D − 1
]
±
√
r4D (1− 6αQ2r4−2D)
54α
[6αQ2r3−3D
2D − 5 +
r−1−D
D − 1
]
±
(D − 2)2Q2r3+D
√
1− 6αQ2r4−2D 2F1
(
D−3
2(D−2) ,
1
2 ,
3D−7
2(D−2) ; 6αQ2r4−2D
)
3 (D − 3) (2D − 5) (D − 1)√r4D (1− 6αQ2r4−2D)
}
+ constants
)
(61)
f(r) = 1
rD−3
(
1
(D − 2)
{
1
54α
[
− 18αQ
2r3−D
3−D −
rD−1
D − 1
]
±
√
r4D (1− 6αQ2r4−2D)
54α
[6αQ2r3−3D
2D − 5 +
r−1−D
D − 1
]
±
(D − 2)2Q2r3+D
√
1− 6αQ2r4−2D 2F1
(
D−3
2(D−2) ,
1
2 ,
3D−7
2(D−2) ; 6αQ2r4−2D
)
3 (D − 3) (2D − 5) (D − 1)√r4D (1− 6αQ2r4−2D)
}
+ constant
)
(62)
Further, taking the limit α→ 0, with the upper sign in the torsional part, we obtain, T (r) = −q˜/r4. Here
q˜ = Q2/2 and is the torsion parameter present in the model. Under the same limit, the metric elements
reduce to those given in Eq. (35).
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